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The honeycomb antiferromagnet Co4Nb2O9 is known to exhibit an interesting magnetoelectric effect
that the electric polarization rotates at the twice speed in the opposite direction relative to the rotation
of the external magnetic field applied in the basal ab-plane. The spin-dependent electric dipole can
be an origin of the magnetoelectric effect. It is described by the product of spin operators at different
sites (type-I theory) or at the same site (type-II theory). We examine the electric polarization for the
two cases on the basis of the symmetry analysis of the crystal structure of Co4Nb2O9, and conclude
that the latter is the origin of the observed result. This paper also gives a general description of the
field-induced electric polarization on honeycomb lattices with the C3 point group symmetry on the
basis of the type-I theory.
KEYWORDS: spin-dependent electric dipole, quadrupole, honeycomb lattice, C3 point group
symmetry
1. Introduction
Co4Nb2O9 is known as one of typical multiferroic quantum spin systems [1], where the mag-
netic structure is almost collinear in the basal ab-plane below the Ne´el temperature [2, 3]. Under an
external magnetic field applied in the ab-plane, it was reported that the electric polarization rotates
in the opposite direction at the twice speed relative to the rotation of the magnetic field (2θ-rotation)
(see Fig. 1) [2, 4]. The polarization was also reported to change its sign when the magnetic field is
reversed (field-sweeping process) [2,4]. These points were studied and explained by the first principal
calculation [5] and by the itinerant band picture [6, 7]. It was also studied from a picture of quantum
spin system [8].
In general, there are two main models suggested for an origin of magnetoelectric effects, where
the electric dipole is described by product of spin operators. The electric dipole is described by the
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Fig. 1. (Color online) Schematic of (a) θ-rotation and (b) 2θ-rotation of the electric polarization. θ is the
direction of the magnetic field H. Short red arrows represent alignment of spins. P is the induced electric
polarization. It polarization rotates θ and −2θ under the rotation of the field for (a) and (b), respectively.
1
ar
X
iv
:1
91
2.
12
39
1v
1 
 [c
on
d-
ma
t.s
tr-
el]
  2
8 D
ec
 20
19
	
	
	

	


 




 




 
Fig. 2. (Color online) Schematic of crystal structure of Co4Nb2O9. (a) Honeycomb lattice structure. The
rhombus represents the unitcell. x and y axes are taken along the [11¯0] and [110] directions, respectively. A
and B represent the two sublattices for the up and down staggered magnetic structure, respectively. On the
honeycomb lattice, there are three kinds of bonds, as denoted by 1©, 2©, and 3©. (b) Magnetic structure in the
xy-plane under the field H applied in the θ direction shown in (a). ϕ represents canting angle of the spin. When
the field is reversed as H → −H, it changes as ϕ → −ϕ (field-sweeping process). (c) View of the unitcell in
the xz-plane at the bond- 1©. The open and filled circles represent the inversion center and twofold axis around
the y direction, respectively. There are four honeycomb lattices in the unitcell along the z direction, as denoted
by Co(1), Co(1)’, Co(2), and Co(2)’.
symmetric or antisymmetric product of spin operators at different sites (Type-I theory) [9, 10]. It is
also described by the product of spin operators at the same site (type-II theory) [9, 11]. Symmetry
analysis is one of ways to investigate the magnetoelectric effects. It demonstrates power for compli-
cated crystal structures such as Co4Nb2O9. For the type-I theory, possible spin dependences in the
electric dipole were classified by the space inversion, n-fold axis, and mirror symmetries [12, 13].
For the type-II theory, it was classified by the point group symmetry [13, 14]. In Ref. 8, we reported
that the observed magnetoelectric effect of the 2θ-rotation and the field-sweeping process can be well
explained by the type-II theory. In this paper, we also explore another possibility on the basis of the
type-I theory.
2. Field-Induced Electric Polarization
In the antiferromagnetic (AF) phase, the magnetic structure under an external magnetic field is
shown in Fig. 2, where the field is applied in the xy-plane with a finite z component. As shown in Fig.
2(b), the expectation values of the spin operators on the two sublattices are expressed as [8]
(
〈S xA〉 , 〈S yA〉 , 〈S zA〉
)
=
(
S⊥ sin(θ + ϕ), − S⊥ cos(θ + ϕ), S ‖
)
,(
〈S xB〉 , 〈S yB〉 , 〈S zB〉
)
=
(
−S⊥ sin(θ − ϕ), S⊥ cos(θ − ϕ), S ‖
)
. (1)
Here, S⊥ and S ‖ represent the amplitudes in the xy-plane and in the z directions, respectively. θ
represents the direction of the external magnetic field, whereas ϕ represents the canting angle [see
Fig. 2(b)]. There are two types of Co sites. One has inversion center [Co(1) and Co(1)’], and the
other has twofold axis around the y direction [Co(2) and Co(2)’]. In the presence of the inversion
center, only antisymmetric spin dependence is allowed for the electric dipole. In the absence of the
inversion center, symmetric spin dependence is also allowed in addition to the antisymmetric one. We
separately study the two cases below.
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2.1 Antisymmetric spin-dependent electric dipole
The expectation value of the spin dependent electric dipole of Co(1) at the bond- 1© [see Fig. 2(a)]
can be expressed in the following general form [12, 15]:(
px, py, pz
)
1© =
(
a1Wx + a2Wy + a3Wz, b1Wx + b2Wy + b3Wz, c1Wx + c2Wy + c3Wz
)
. (2)
Here, ai, bi, and ci (i = 1, 2, 3) are coefficients.W = 〈SA〉×〈SB〉 is the expected value of the vector spin
chirality, and Wα represents its α(= x, y, z) component. Notice that Eq. (2) provides the general form
of the antisymmetric spin-dependent electric dipole, since Co(1) only possesses the space inversion
and there is no restriction between the coefficients. There are three kinds of bonds [see Fig. 2(a)]. As
in Eq. (2), the electric dipole at the bond- 2© is described with the same coefficients as(
px
′
, py
′
, pz
′)
2© =
(
a1Wx′ + a2Wy′ + a3Wz′ , b1Wx′ + b2Wy′ + b3Wz′ , c1Wx′ + c2Wy′ + c3Wz′
)
. (3)
Here, x′, y′, and z′ represent the components in the x′y′z′ coordinate which is rotated by 120◦ around
the z-axis from the global xyz coordinate. Between the two coordinates, there are following relations:
p
x
py
pz

2©
=
cos φ − sin φ 0sin φ cos φ 0
0 0 1

p
x′
py
′
pz
′

2©
,
Wx′Wy′
Wz′
 =
 cos φ sin φ 0− sin φ cos φ 0
0 0 1

WxWy
Wz
 . (4)
Here, φ = 2pi/3. In the same way, we can obtain the electric dipole at the bond- 3© with φ = −2pi/3.
Summing up the electric dipoles at the three bonds (P = p 1© + p 2© + p 3©) and using Eqs. (1), (2), (3),
and (4), we obtain the following form of the electric polarization per a unitcell:
P
x
Py
Pz
 = 3
−S ‖S⊥ cosϕ
[
(a1 + b2) cos θ + (a2 − b1) sin θ]
−S ‖S⊥ cosϕ[(a1 + b2) sin θ − (a2 − b1) cos θ]
S 2⊥c3 sin 2ϕ
 . (5)
This indicates that the polarization rotates in the xy-plane with the rotation of the field (θ-rotation)
[15], as shown in Fig. 1(a). Since it is proportional to S ‖S⊥, a finite magnetic field in the z direction
is required for the θ-rotation. Pz is independent on θ and can be finite when the canting angle ϕ , 0.
For Co(1)’, the result is related to that for Co(1) owing to the twofold axis. The polarization is then
expressed by Eq. (5) with the replacement of (a1, a2, b1, b2, c3) → (−a1, a2, b1,−b2,−c3). For Co(2),
the twofold axis restricts the possible coefficients in Eq. (2). The polarization is then expressed by Eq.
(5) with the replacement of (a1, a2, b1, b2, c3)→ (0, a˜2, b˜1, 0, 0) [12]. Here, new coefficients with tilde
are introduced for Co(2). Co(2)’ is related to Co(2) by the space inversion. Since the polarization is
described with the antisymmetric spin dependence, the result is the same as Co(2).
We summarize the results in Table I for the various Co sites. Every site can exhibit the θ-rotation.
Both the Co(1) and Co(1)’ sites carry both the (Px, Py) ∝ (cos θ, sin θ) and (− sin θ, cos θ) components.
When the two results are added, only the latter component remains. In contrast to this, there is only
the latter component for Co(2) and Co(2)’. Then, the total polarization only has the (− sin θ, cos θ)
component for the θ-rotation. Therefore, it is difficult to explain the observed 2θ-rotation within the
antisymmetric spin-dependent electric dipole of the type-I theory. Since the vector spin chirality
W = 〈SA〉 × 〈SB〉 behaves as a vector for rotation, it can describe the θ-rotation but fails in explaining
the 2θ-rotation. For the 2θ-rotation, quadrupole degrees of freedom, such as x2 − y2 or xy type, are
required. In the following subsection, we investigate the symmetric spin-dependent electric dipole,
where such quadrupole degrees of freedom are present.
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Table I. Electric polarization induced by the antisymmetric spin-dependent electric dipole (type-I theory) at
various Co sites. We introduced f1 = 3S ‖S ⊥(a1 +b2), f2 = 3S ‖S ⊥(a2−b1), and f˜2 = 3S ‖S ⊥(a˜2− b˜1). Here, (a1,
a2, b1, b2, c3) and (a˜1, a˜2, b˜1, b˜2, c˜3) are coefficients for (Co(1), Co(1)’) and (Co(2), Co(2)’) sites, respectively.
The symbol “−” represents that no polarization is induced. As shown in Figs. 1 and 2(a), θ represents the angle
of the magnetic field, whereas ϕ is the canting angle of the magnetic structure [see Fig. 2(b)].
Px Py Pz
Co(1) cosϕ(− f1 cos θ − f2 sin θ) cosϕ(− f1 sin θ + f2 cos θ) 3S 2⊥c3 sin 2ϕ
Co(1)’ cosϕ( f1 cos θ − f2 sin θ) cosϕ( f1 sin θ + f2 cos θ) −3S 2⊥c3 sin 2ϕ
Co(2) − f˜2 cosϕ sin θ f˜2 cosϕ cos θ −
Co(2)’ − f˜2 cosϕ sin θ f˜2 cosϕ cos θ −
Total −2( f2 + f˜2) cosϕ sin θ 2( f2 + f˜2) cosϕ cos θ −
2.2 Symmetric spin-dependent electric dipole
In the absence of the inversion center, the symmetric spin dependence is allowed in the electric
dipole. First, we begin with the following general form of the electric dipole: [13]:p
x
py
pz

1©
=
A1Fx2 + A2Fy2 + A3Fz2 + A4Fyz + A5Fzx + A6FxyB1Fx2 + B2Fy2 + B3Fz2 + B4Fyz + B5Fzx + B6FxyC1Fx2 +C2Fy2 +C3Fz2 +C4Fyz +C5Fzx +C6Fxy
 . (6)
Here, Ai, Bi, and Ci (i = 1 − 6) are coefficients. Fαβ = 〈S αA〉 〈S βB〉 + 〈S βA〉 〈S αB〉 for α , β, and
Fα2 = 〈S αA〉 〈S αB〉 with Eq. (1). At the bond- 2©, the electric dipole is expressed in the rotated x′y′z′
coordinate, as in Eq. (3), with the same coefficients in Eq. (6). Between the two coordinates, the
expectation value of the spin operator has the same relation as in Eq. (4) with the replacement of
(Wα
′
,Wα) → (〈S α′i 〉 , 〈S αi 〉) (i = A,B). Summing up the electric dipoles at the three bonds as in the
antisymmetric case, we obtain the following form of the electric polarization per a unitcell:P
x
Py
Pz
 =

−g1 sinϕ sin θ + g′1 sinϕ cos θ − g2 sin 2θ − g′2 cos 2θ
g1 sinϕ cos θ + g′1 sinϕ sin θ − g2 cos 2θ + g′2 sin 2θ
3C3S 2‖ − 32 (C1 +C2)S 2⊥ cos 2ϕ
 . (7)
Here, g1 = 3S ‖S⊥(A5 − B4), g′1 = 3S ‖S⊥(A4 + B5), g2 = 34S 2⊥(A1 − A2 − 2B6), and g′2 = 34S 2⊥(2A6 +
B1−B2). The (Px, Py) ∝ (− sin θ, cos θ) and (cos θ, sin θ) terms represent the θ-rotation [see Fig. 1(a)].
It appears when the field has a finite z component (S ‖ , 0). Since it is proportional to sinϕ, (Px, Py)
changes its sign when the field is reversed as H → −H [see Fig. 2(b) for the field-sweeping process].
The (Px, Py) ∝ (sin 2θ, cos 2θ) and (− cos 2θ, sin 2θ) terms in Eq. (7) represent that the polarization
rotates in the opposite direction at the twice speed relative to the rotation of the external magnetic
field, i.e. 2θ-rotation as shown in Fig. 1(b). Since it is independent on the canting angle ϕ, the (Px, Py)
does not change under the field-sweeping process. It is clear that the θ-rotation and the 2θ-rotation
originate from the (Fyz, Fzx) and (Fx2 , Fy2 , Fxy) spin dependences in Eq. (6), respectively.
Next, we consider the Co(2) site with the twofold axis around the y direction. In this case, the
twofold symmetry restricts the possible spin dependences, and the following coefficients must vanish
in Eq. (6): A4 = A6 = B1 = B2 = B3 = B5 = C1 = C2 = C3 = C5 = 0 [13]. This indicates that Pz = 0
and g′1 = g
′
2 = 0 in Eq. (7). We can see that both the θ-rotation and 2θ-rotation remain in (P
x, Py).
As shown in Fig. 2(c), Co(2)’ is related to Co(2) by the space inversion. Since the polarization is
described with the symmetric spin dependence, the polarization for Co(2)’ is expressed by Eq. (7)
with the replacement of (Ai, , Bi,Ci) → (−Ai,−Bi,−Ci). We summarize the results in Table II for the
various Co sites. For Co(1) and Co(1)’, notice that no symmetric spin-dependent electric dipole is
allowed owing to the inversion center.
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Table II. Electric polarization induced by the symmetric spin-dependent electric dipole (type-I theory) at
various Co sites. “General” in the table represents the site with no symmetry transformations. Notice that the
Co(1) and Co(1)’ sites possess the inversion center, whereas the Co(2) and Co(2) sites possess the twofold axis
around the y direction. We introduced g1 = 3S ‖S ⊥(A5 − B4), g′1 = 3S ‖S ⊥(A4 + B5), g2 = 34S 2⊥(A1 − A2 − 2B6),
g′2 =
3
4S
2⊥(2A6 + B1 − B2), g3 = 3C3S 2‖ , g4 = 32 (C1 + C2)S 2⊥. Here, Ai, Bi, Ci (i = 1 − 6) are independent
coefficients introduced in Eq. (6) for the general description.
Px Py Pz
General −g1 sinϕ sin θ + g′1 sinϕ cos θ g1 sinϕ cos θ + g1 sinϕ sin θ g3 − g4 cos 2ϕ−g2 sin 2θ − g′2 cos 2θ −g2 cos 2θ + g′2 sin 2θ
Co(1) & Co(1)’ − − −
Co(2) g1 sinϕ sin θ + g2 sin 2θ −g1 sinϕ cos θ + g2 cos 2θ −
Co(2)’ −g1 sinϕ sin θ − g2 sin 2θ g1 sinϕ cos θ − g2 cos 2θ −
Total − − −
3. Summary and Discussions
Let us discuss the reason why the polarization contains both the θ-rotation and the 2θ-rotation.
This is owing to the fact that the physical quantities must be equivalent when the magnetic field is
rotated by 120◦ around the z-axis under the C3 point group symmetry. Thus, the electric polarization
must rotate 120◦ when the field is rotated by 120◦. The θ-rotation satisfies this condition. In case
of the 2θ-rotation, interestingly, the electric polarization rotates −240◦, and it is equivalent to +120◦
rotation. Thus, the 2θ-rotation also satisfies the condition. This is the reason why both the θ-rotation
and the 2θ-rotation are allowed in the electric polarization under the C3 point group symmetry [8].
For the type-I theory, the antisymmetric spin-dependent electric dipole does not possess the 2θ-
rotation (see Table I), whereas the symmetric one possesses it (see Table II). The latter seems to
explain the observed magnetoelectric effects, however, the total polarization vanishes by the cancel-
lation of the Co(2) and Co(2)’ sites, owing to the inversion center between the two sites. Therefore,
it is difficult to explain the observed 2θ-rotation in Co4Nb2O9 within the type-I theory, where the
electric dipole is described by the product of spin operators at different sites.
The lines at “Co(1)” and “General” in Tables I and II, respectively, give general description
of the electric polarization on honeycomb lattices. In a specific material, they can be used under
consideration of symmetry transformations at the bond- 1© [see Fig. 2(a)]. This restricts the active
spin-dependences in the polarization, and leads to a reduction of several coefficients in Eqs. (2) and
(6). When g2 , 0 or g′2 , 0 in Table II, there remains the 2θ-rotation terms for the type-I theory. These
terms are cancelled out in Co4Nb2O9, however, it can remain when materials have no inversion center.
When the magnetic ion occupies a site lacking the inversion symmetry as in honeycomb lattices,
the electric dipole can be described by the product of spin operators at the same site (type-II theory),
and we also present Table III for the type-II theory [8]. Notice that Tables I, II, and III are general
and applicable to other honeycomb antiferromagnets such as BaNi2(PO4)2 [16], BaNi2V2O8 [17], and
MnPS3 [18]. For Co4Nb2O9, we clarified that only the type-II theory accounts for both the 2θ-rotation
and the field-sweeping process. We conclude that they originate from the local quadrupoles of the
Ox
2−y2 = (S x)2 − (S y)2 and Oxy = S xS y + S yS x types [8]. This is because that Ox2−y2(A) −Ox2−y2(B)
and Oxy(A) − Oxy(B) combinations can be realized [12]. Here, Oi(A) and Oi(B) (i = x2 − y2, xy)
represent the quadrupoles at the A and B sites, respectively [see Figs. 2(a) and 2(c)]. Since they are
antisymmetric with respect to the space inversion, the electric dipole of the local quadrupole origin
can survive even in the presence of the inversion center between the Co sites. This is the reason why
the 2θ-rotation remains in Co4Nb2O9 with the inversion center. We finally summarize the possible
field-induced magnetoelectric effects for general honeycomb lattices in Table IV.
5
Table III. Electric polarization induced by product of spin operators at the same site (type-II theory) [8]. K1,
K′1, K2, and K
′
2 are independent coefficients. O1 is amplitude of the expectation value of O
yz = S yS z + S yS z or
Ozx = S zS x + S xS z type quadrupoles, whereas O2 is for Ox
2−y2 = (S x)2 − (S y)2 or Oxy = S xS y + S yS x type.
Px Py Pz
Co(1) 2O1 cosϕ(K1 sin θ − K′1 cos θ) 2O1 cosϕ(−K1 cos θ − K′1 sin θ) −
+2O2 sin 2ϕ(K2 sin 2θ − K′2 cos 2θ) +2O2 sin 2ϕ(K2 cos 2θ + K′2 sin 2θ) −
Co(1)’ 2O1 cosϕ(K1 sin θ + K′1 cos θ) 2O1 cosϕ(−K1 cos θ + K′1 sin θ) −
+2O2 sin 2ϕ(K2 sin 2θ + K′2 cos 2θ) +2O2 sin 2ϕ(K2 cos 2θ − K′2 sin 2θ) −
Co(2) 2O1(K˜1 cosϕ + K˜′1 sinϕ) sin θ −2O1(K˜1 cosϕ + K˜′1 sinϕ) cos θ −
+2O2(K˜2 sin 2ϕ − K˜′2 cos 2ϕ) sin 2θ +2O2(K˜2 sin 2ϕ − K˜′2 cos 2ϕ) cos 2θ −
Co(2)’ 2O1(K˜1 cosϕ − K˜′1 sinϕ) sin θ −2O1(K˜1 cosϕ − K˜′1 sinϕ) cos θ −
+2O2(K˜2 sin 2ϕ + K˜′2 cos 2ϕ) sin 2θ +2O2(K˜2 sin 2ϕ + K˜
′
2 cos 2ϕ) cos 2θ −
Total 4O1(K1 + K˜1) cosϕ sin θ −4O1(K1 + K˜1) cosϕ cos θ −
+4O2(K2 + K˜2) sin 2ϕ sin 2θ +4O2(K2 + K˜2) sin 2ϕ cos 2θ −
Table IV. Possible field-induced magnetoelectric effects on honeycomb lattices. For the antisymmetric spin
dependence, we focus on the Co(1) site in Table I for the general description. For the symmetric one, we focus
on the “General” site in Table II. H⊥ represents that the polarization is induced by the perpendicular component
of the external magnetic field (Hx,Hy). H‖H⊥ represents that it is induced in the presence of both the parallel
(Hz) and perpendicular (Hx,Hy) components. H‖ or H⊥ represents that it can be independently induced by one
of those components. The Linear ME effect represents that the polarization shows a linear dependence on the
magnetic field H. It appears in Pz, θ-rotation, and 2θ-rotation components of the polarization. Notice that they
are proportional to sinϕ or sin 2ϕ in Tables I, II, and III.
θ-rotation 2θ-rotation Pz Linear ME effect
Type-I (Antisymmetric spin-dependence) H‖H⊥ − H⊥ Pz
Type-I (Symmetric spin-dependence) H‖H⊥ H⊥ H‖ or H⊥ θ-rotation
Type-II H‖H⊥ H⊥ H‖ θ-rotation, 2θ-rotation
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